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Abstract 

A WZW model for the non-semi-simple D-dimensional Heisenberg 
group, which directly generalizes the E% group, is constructed. It is 
found to correspond to an D-dimensional string background of plane- 
wave type with physical Lorentz signature D-2. Perturbative and 
non-perturbative considerations lead both to an integer central charge 
c=D. 
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Recently, WZW models based on non-semi-simple groups have attained a lot 
of interest [1-6], particularly because they lead to exactly solvable models cor- 
responding to exact string backgrounds. To write down a WZW model for a 
non-semi-simple group is not straightforward since its Killing metric is degener- 
ate. However, it is possible that another, non-degenerate, invariant bilinear form 
on the algebra exists which allows for a WZW model to be constructed. The 
non-semi-simple groups explicitly studied so far are the centrally extended 2D 
Euclidean group E\ [I], its d-dimensional generalization E c d 0, as well as a large 
class of non-semi-simple groups arising after contraction of GxH where H is a 
subgroup of G 0. In particular, E% is isomorphic to the 4-dimensional Heisen- 
berg group. It is then natural to discuss its D-dimensional analogue, namely the 
Heisenberg group Hp. For this, a non-degenerate bilinear form exists, a WZW 
model can be written down and a Sugawara-type construction can be carried 
out. The resulting Z)-dimensional conformal cx-model has one null Killing vector 
and the corresponding conformal field theory has c = D, in accordance with the 
general result of M. 

The WZW models based on a group G are defined on a two-surface £ by the 
action 

Swzw = —7- / TT(g~ x dg g~ x dg) + — / Tr(g~ l dg A g~ l dg A g~ l dg) , (1) 

where g~ 1 dg are the right invariant 1-forms on G and B is a three manifold 
bounded by S. The right invariant 1-forms are elements of the Lie algebra of G, 
so that they may be expressed as 

g' l dg = iA T Tj , (2) 

where Tj (I = 1, . . . , dimG) are the generators of the group satisfying 

[Ti,Tj] = if u K T K . (3) 

The WZW action ([!]) can then be written in terms of the v4 7 's as 

Swzw = ~ f d 2 aAiA Ja n u - A- / ^^^Aj^/j/n^ , (4) 

47T JE 127T JB 

where Qu = Tr(TiTj) is the Killing metric for the group G. However, when the 
group is non-semi-simple, the Killing metric is degenerate and one might replace 
it, as was proposed in |l|, by a symmetric, invariant and non-degenerate form 
flu that satisfies 

flJ K flKL + flL K flKJ = 0. (5) 

Such a form can be found, apart from the above mentioned cases, also for the 
Heisenberg group H^. 



2 



Before proceeding to the general case, let us first examine the case H4, which 
originates from the dynamics of a single one- dimensional harmonic oscillator. H 4 
is generated by {a, at\ N = a^a, 1} and the commutation relations 



[a, a'] 

[JV.Qft] 

[N,a] 



a' 



-a . 



(6) 



It is non-semi-simple so that its Killing form is degenerate. A non-degenerate 
solution to eq.(||) exists and is given by 
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(7) 



A general element of H 4 is written as 

9 



(8) 



where the first term on the right hand side of eq.(j|) is an element of the coset 
space H 4 /[/(l) x U(l) ~ CI parametrized by the complex coordinates q,q. By 
using the relations 



e -iuN ae iuN 
e -iqat ae iqat 



iqa iqa 



e lu a. 



t SR. 

e 2 



a + iql . 



(9) 



we find that 



g 1 dg = ie lu dqa + ie %u dqa { + iduN + (idv + 
so that the A^s in eq.(|2|) are given by 



A 1 
A 2 
A 3 

A* 



e m dq , 
e- iu dq, 
du , 

dv — -qdq + -qdq . 



The terms that are being integrated over in M) are calculated to be 



(10) 



KA^tlu 



% % 

2ad a qd a q — 2a(d a v — -qd a q + -qd a q)d a u + bd a ud a u 



ftiaea^d 1 (ud a qd l3 q) 



(12) 
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and the WZW action (^) is written as 

Swzw = J d 2 a (^2ad a qd a q - 2a(d a v - % -qd a q + l -qd a q)d a u 

+ bd a ud a u + 2iae a pud a qd l3 q^j . (13) 

By regarding this action as a u-model action of the form 

S = J d 2 a(G, u d a X»d a X» + B llv e^d a X^d p X v ) , (14) 

we can read off the background space-time metric and the antisymmetric field. 
In the coordinate base [dq, dq, du, dv] they are given, up to multiplicative factors, 

by 



G 



\.iV 



( \ -\q 0\ 
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-k k P 2 I 
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o J 



B, 



-u 



(15) 



where (3 2 = and thus, the background space-time line element is given by 



ds 2 = dqdq — (dv — —qdq + -qdq)du + f3 2 du 2 



(16) 



It describes a plane-wave space-time 0, |J and it can be identified to the one 
found by Nappi and Witten in QXJ] by virtue of the transformation q = ai — ia,2 
and q = ai + ia2- By introducing polar coordinates q = Re %e , q = Re~ ld , the line 
element turns out to be 



ds 2 = dR 2 + R 2 d0 2 -(dv - R 2 dO)du + I3 2 du 2 . 
The signature of this metric is manifest in the orthonormal base 

e° = ±(dv-R 2 d6), 

e 1 = dR, 

e 2 = Rd6 , 

e 3 = f3du - e° , 



(17) 



where the metric is rj^ = (— 1,+1,+1,+1). The only non- vanishing components 
of the Ricci tensor in the above base are 



R 



00 



R 



33 



R 



03 



1 



2 ' 



(19) 



In the same base, the antisymmetric two form field B = -B^dx* 1 A dx v is written 

as 



B = ue 1 A e 2 



and thus 



H = dB 



- e 3 A e 1 A e 2 + ^ e° A e 1 A e 2 
The non-vanishing components of H are then 

1 



H 



I2:i 



012 



(20) 
(21) 

(22) 



Employing eqs.(|T^), (p2[) in the one-loop beta-function equations 



12 3a 








R 



V X H^ - 2(V A d>)F, 



(23) 



one can find that the dilaton is constant and that the central charge is four 
(c = 4). (A constant dilaton is expected on behalf of the homogeneity of the 
space.) 

Let us now discuss the general case H^. The Heisenberg group Ho is a D- 
dimensional group generated by the set of generators {ctj, aj, N = X^afaij, I, 



D-2 



} and the commutation relations 



[N, ai] 
[N,oi] 
[N,I] 



a 



[a h I] = [a\, I] 







(24) 



The Killing form of Hp is degenerate and a non-degenerate solution to eq.( 
which can replace the Killing form is given by 
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n 



where 



b —a 
-a J 

( a 
1 a 



(25) 



(26) 
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An element of is expressed as 
and proceeding as before, we find that 



(27) 



A 1 
A 1 

A D-1 

A D 



e lu dqi , 
e- lu dqi, 
du , 

dv - - Y^(qidqi - qidqi) . 
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The WZW action is then written as 
k 



Sy/zw = -j- J d 2 a I 2a d a qid a qi - 2a{d a v - ~ ^ qid a qi - qid a qi)d a u 
+ bd a ud a u + 2iae a(3 uY,d a q i d (3 q l ) . (29) 



By comparing this action with eq.(p^) we can read off the space-time metric, 
which is written, up to multiplicative factors, as 
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(30) 
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(31) 



where the notation 7 
found to be 



Ysi qtqi has been used. The antisymmetric field then is 



B, 



l -u6 



(32) 
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The line element for this case is then written as 

ds 2 = dqidqi - (^dv - ^ Y^(qidq~i - gjdg^J du + (3 2 du 2 . (33) 

Introducing polar coordinates g« = RiC ld \ q~i = RiC~ ldi we find that the metric is 
f\iw — (— Ij +1) • • • ) +1) i n the base 

e 2i - 1 = dRi , 

e 2 * = RidOi , 
e^" 1 = pdu-e , (34) 

where i = 1, . . . , r. The no n- vanishing components of the Ricci tensor in the base 
l4|) are then 

D-2 

whereas the antisymmetric 3-form field is given by 



R D 1 d-i — —R°o — —R°d-i — A n 2 ' (^5) 



H = dB = i £ ( e ° _1 A e2l_1 A e * + e ° A e 2 " 1 A ^) ■ ( 36 ) 

^ i=l 

It is straightforward then to verify that the vanishing of the one-loop beta func- 
tions in eqs. ([23]) gives c = D. 

One can understand this result perturbatively by considering the loop dia- 
grams that contribute to the beta function. Since the propagator of the u field 
vanishes due to G uu = G D ~ lD ~ l = 0, the only diagrams that can be drawn are 
one-loop diagrams with two external u lines and g,, in the internal lines. How- 
ever, the interaction terms in (29) give opposite contributions to these diagrams, 
in exactly the same way discussed by Nappi and Witten [[l], |§ leading to c = D 
identically in perturbation theory. 

The same result can be obtained non-perturbatively as follows ||, |[ [K|: The 
Noether currents associated with the WZW model (f|) have the following OPE 

J I {z)Jj{w) = -— - + fjj + reg. (37) 

2[z — w) z [z — w) 

Let us define the bilinear in the currents energy-momentum tensor 

T(z) = L IJ -JjJjiz) . (38) 
The condition for the J/'s to be primary fields of weight 1, is written as 

r^, \ T / \ Ji(w) dJi(w) , . 

T(z)Jj(w) = ' + r -^Mr + reg. 39 

[z — w) z [z — w) 



and by using eq. (j3"8|) we get f|, [IJ 



L IJ f KJ L + L JL f K / 
2L IJ VL KJ + L MN fxM L Iln 1 



6*k. 



(40) 
(41) 



Thus L IJ is an invariant symmetric tensor as follows from eq.(^) and employing 



the latter in eq.flllD we get 



L IJ (2n KJ + K KJ ) 



K 



(42) 



where kkj — fKM L fjL M is the Killing form. Then it follows that L IJ is the 
inverse of the matrix (2Qkj + k kj) and in our case one finds that 
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The central charge is given by 



-1 

b+r I 



(43) 



2L IJ n u = D 



(44) 



in accordance with the results in M since one may look upon the Heisenberg 
algebra as the double U(l) extention of the algebra 



0. 



(45) 



The above construction is a direct generalization of Nappi and Witten's result 
[|TJ, which is recovered in the case D = 4. The space-time described by the metric 
( |33|) is homogeneous, it has 2(D — 1) space-like Killing vectors and a null one, a 
total of 2D — 1. It describes a plane- wave type space-time with flat wave surfaces 
(u, v = const.) since the coset space H D /[/(l) x £7(1) is isomorphic to CI r . It has 
one time-like direction (Lorentz signature D — 2) and thus it can be considered 
as a -D- dimensional string background which can replace Minkowski space-time. 
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